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Abstract
We consider the structure of parabolic subgroups P in general linear groups. The group
P acts on its unipotent radical Pu and on all members of the descending central series P (l)u
via conjugation. By a fundamental theorem due to Richardson P acts on Pu with an open
dense orbit. In fact, this density theorem holds for any reductive algebraic group. In this note
we investigate the question of the existence of a dense P-orbit on P (l)u for l  1 using only
most elementary methods. Despite the fact that for special P it is the case that P operates
on P
(l)
u with such a dense orbit for all l  0, in general, however, this fails; we present a
counterexample in GL15(k). Besides the general linear groups, we also study this question for
other reductive algebraic groups.
© 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction
Throughout, k is an algebraically closed field and V a finite-dimensional k-vector
space. Let G = GL(V ) be the general linear group of V. Let F be a flag {0} =
V0 ⊆ V1 ⊆ · · · ⊆ Vt = V of length t of subspaces in V. The stabiliser P of F in
G is a parabolic subgroup of G with unipotent radical Pu. The group P is a semi-
direct product P = LPu with normal subgroup Pu and the Levi subgroup L of P
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which is a direct product of smaller general linear groups. More specifically, setting
di = dimVi − dimVi−1 for 1  i  t , we have dimV =∑ di , and L is isomorphic
to the product of the general linear groups GL(di) for 1  i  t . Moreover, the
ordered tuple d = (d1, . . . , dt ) determines the conjugacy class of P in GL(V ). To
indicate this, we frequently write P = P(d). The Lie algebra of Pu is denoted by
LiePu = pu.
For instance, if d = (3, 1, 4, 2), then with respect to a suitable basis of k10 the
matrices in P(d) ⊆ GL10(k) and in the Lie algebra pu are of the form
respectively, where L = block-diag(∗) and pu = upper block matrices.
For the remainder of the introduction suppose that G is any reductive algebraic
group defined over k and P ⊆ G is a parabolic subgroup of G. The descending
central series of pu, the Lie algebra of Pu, is defined as usual by p
(0)
u :=pu and
p
(l)
u :=[pu, p(l−1)u ], for l  1. The group P acts on each p(l)u via the adjoint action.
For all G classical instances when the number of P-orbits on p(l)u is finite are known,
see [3,6,12,13].
Let H be an algebraic group. A rational H-module M is called a prehomogeneous
space for H provided H operates on M with a Zariski dense orbit. For reductive
groups G, such as GL(V ), all irreducible prehomogeneous spaces for G are known,
see [19] (in characteristic 0) and [9,10] (in positive characteristic). By general facts,
if H acts on M with a finite number of orbits, then there exists a unique (Zariski) open
dense H-orbit, as being an affine space, M is an irreducible variety. Thus in all the
finite orbit instances mentioned above [12], etc., there is of course a dense P-orbit on
p
(l)
u .
Richardson’s fundamental Dense Orbit Theorem [17] states that P admits an open
dense orbit on pu. Thus pu is a prehomogeneous vector space for the action of P,
regardless whether P acts with a finite number of orbits or not.
We want to study instances when p(l)u is a prehomogeneous space for the action of
P for l  1, independent of the finiteness results [3,6,12,13]. We show that for certain
parabolic subgroups P of GLn(k) there is always a dense P-orbit on p(l)u . However,
this need not be the case in general, as we illustrate with an explicit example.
For the exceptional groups G not of type G2 we show that already for the Borel
subgroup B the space b(2)u , the second term of the descending central series of bu,
fails to be a prehomogeneous vector space for B.
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2. The module p(l)u as a prehomogeneous space for P
We maintain the notation from the introduction. We now investigate situations
when p(l)u is or fails to be a prehomogeneous vector space for the action of P for
l  1. Richardson’s Dense Orbit Theorem ensures that this is always the case for
p
(0)
u = pu itself.
2.1. The general linear group
Proposition 2.1. Let G = GL(V ) and P = P(d) ⊂ G a parabolic subgroup of G.
Suppose that d = (d, . . . , d) (t terms) with d  1. Then p(l)u is a prehomogeneous
space for P for each l  0.
Proof. Observe that (with respect to a suitable basis) the space p(l)u consists of all
block matrices z (where each (i, j)-block is of size d × d for 1  i, j, t) whose
(i, j)-block zi,j is zero whenever j  i + l. We define a particular element x = x(d)
of p(l)u by specifying its blocks xi,j as follows:
xi,j =
{
1d whenever j − i = l + 1,
0 otherwise, (1)
where 1d denotes the unit matrix of size d × d . One readily checks that
dimP = d2
(
t∑
i=1
i
)
and dim p(l)u = d2
(
t−l−1∑
i=1
i
)
.
By CP (x) we denote the centraliser of x in P. We claim that
dimCP (x) = d2
(
t∑
i=t−l
i
)
.
This together with the fact that dimP · x = dimP − dimCP (x) implies that
dimP · x = dim p(l)u , i.e., that the P-orbit P · x is dense in p(l)u .
By definition CP (x) = {y ∈ P | yx = xy}. Solving the equation yx = xy yields
yi,j = yi+l+1,j+l+1 for all 1  i, j  t − l − 1. This readily yields the claim on
dimCP (x). 
Example 2.2. We illustrate the computation in the proof of Proposition 2.1 with an
elementary example. Let t = 5, l = 1, and d = (d, . . . , d). Then we have
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where, in x, 1 = 1d , and for the elements in CP (x), all entries on the principal di-
agonal are invertible d × d-matrices and blank blocks represent zero matrices. Thus
dimP = 15d2, dim p′u = 6d2, and dimCP (x) = 9d2.
Our next example however illustrates that in general p(l)u need not be a prehomo-
geneous space for P.
Example 2.3. Let V = k15 and P = P(d), where d = (2, 1, 2, 2, 1, 2, 2, 1, 2). Let
x(λ) be the following one-parameter family of matrices in p′u (λ ∈ k):
where only non-zero entries are indicated. Being a one-parameter family implies
that x(λ) and x(µ) are P-conjugate if and only if λ = µ. The variety consisting
of the union of all the P-orbits P · x(λ) as λ ∈ k varies is dense in p′u; while no
single orbit is dense in p′u. This can be checked by calculating dimCP (x(λ)). This
family is constructed as the direct sum of a representative of the dense orbit for the
instance when l = 1 and d = (1, . . . , 1) together with a family taken from [13] (see
also [11], here one can find other minimal infinite families). The dimension vector
d = (2, 1, 2, 2, 1, 2, 2, 1, 2) is minimal admitting an instance when p(l)u fails to be
prehomogeneous for l  1. This follows from the finiteness results in [3] and the
main result in [11].
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For details on parabolic group actions on other unipotent normal subgroups of
parabolic subgroups of general linear groups and matrix problems we refer to [4,5].
2.2. The classical groups
Since k is algebraically closed, the statement of Proposition 2.1 also holds for
SL(V ) instead of GL(V ), cf. [13]. In particular, as a very special case we obtain the
following. Let G = GL(V ) or SL(V ) and let B ⊆ G be the stabiliser of a maximal
flag of subspaces of V, a so-called Borel subgroup of G, i.e., with respect to a suitable
basis of V, all the endomorphisms of V in B are upper triangular matrices. Then by
Proposition 2.1 and the comment above, b(l)u is a prehomogeneous space for B for
each l  1. If we replace SL(V ) by one of the other classical groups SO(V ) or
Sp(V ), the analogous results still holds, where in the latter cases B is the stabiliser
of a maximal flag of totally isotropic subspaces of V. This statement can be proved
much along the lines of the proof of Proposition 2.1 using elementary matrix cal-
culations. Here, in analogy to the case for GL(V ), the representatives for the dense
B-orbits are essentially given as sums of the “minimal” root vectors in b(l)u , more
specifically, these representatives are of the form
∑
xα ∈ b(l)u where the sum is taken
over all positive roots α of G of height l + 1 (for SO(V ) and l odd additional root
vectors have to be added). We leave the details to the interested reader. Instead, we
illustrate this result with an elementary example below.
Remark 2.4. For an algebraic group H and its Lie algebra LieH = h the central-
iser in h of an element x in h is defined to be Ch(x) = {y ∈ h | [y, x] = 0}, while
the centraliser of x in H is given by CH(x) = {h ∈ H |Adh(x) = x}. By general
properties of algebraic group actions we have Lie (CH (x)) ⊆ Ch(x) (e.g., see [8, p.
28]).
Example 2.5. Let G = Sp6(k) (char k /= 2) and B its standard Borel subgroup. Here
we use the Witt basis of k6 and associated form as in [2, Chapter VIII, Section 13.3].
We consider the action of B on b′u, (i.e. l = 1). For simplicity, we compute the action
of the Lie algebra of B on b′u instead. For our purpose we take x ∈ b′u to be the sum
of the root vectors relative to the two positive roots of height 2, i.e.,
x =


. . 1 . . .
. . . 1 . .
. . . . 1 .
. . . . . −1
. . . . . .
. . . . . .


,
where the dots represent the entry 0. Then one readily checks that Cb(x) =
{y ∈ b | yx = xy}, the centraliser in b of x, is of the form
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Cb(x) =




a b c . d e
. a . c f d
. . a b c .
. . . −a . −c
. . . . −a −b
. . . . . −a




,
where a, . . . , f ∈ k and the dots represent the entry 0 again. Thus we have dimCb(x)
= 6. Therefore, using Remark 2.4 above, we obtain
dimB · x=dimB − dimCB(x)
=dimB − dim Lie (CB(x))
dimB − dimCb(x)
=12 − 6 = 6 = dim b′u.
Consequently, since B · x ⊆ b′u, the orbit B · x is dense in b′u, as claimed.
2.3. Exceptional groups
For the classical and general linear groups we have seen above that the Borel
subgroup B admits a dense orbit on b(l)u for each l  0. This however fails for the
simple groups of exceptional type. We provide some explicit examples in Table 1.
Proposition 2.6. Let G be a simple exceptional algebraic group not of type G2.
Then b(2)u is not a prehomogeneous space for B.
Proof. The statement follows readily from the information provided in Table 1 and
our discussion below. 
Let N be a closed connected normal subgroup of P contained in Pu. Then it fol-
lows that n = LieN =⊕β∈(N) gβ . Clearly, n is invariant under the adjoint action
of P. Let M be another closed connected normal subgroup of P contained in Pu.
Observe that the induced action of P on the coset space m/[m, n] factors through
the quotient P/N . Here [m, n] denotes the subalgebra of m which is generated by
Table 1
Counterexamples in exceptional groups
G N dimB dimN dim b(2)u dim[b(2)u , n] dimB/N dim b(2)u /[b(2)u , n]
F4 α2 28 20 17 8 8 9
E6 α4 42 29 25 11 13 14
E7 α4, α7 70 56 50 35 14 15
E8 α4, α7 128 112 105 85 16 20
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all commutators of the form [x, y] for x ∈ m and y ∈ n. Now if dim m/[m, n] is
strictly larger than dimP/N , then P cannot act with a dense orbit on m/[m, n], and
consequently, m itself is not a prehomogeneous space for P. Note that the difference
dim m/[m, n] − dimP/N is a lower bound for the maximal number of parameters
upon which a family of P-orbits on pu depends, e.g., see [15, Prop. 1]. This method
was employed repeatedly, usually in the case when m = n, in order to determine
instances when P acts on pu with an infinite number of orbits, e.g., see [14–16,18].
In Table 1 we list for each exceptional group apart from G2 a closed connected
normal subgroup N of the Borel subgroup B such that dim b(2)u /[b(2)u , n] is strictly
larger than dimB/N . Consequently, in each of these cases B fails to admit a dense
orbit on b(2)u , the second term of the descending central series of bu. In each of our
cases N is the normal closure in B of some root subgroups Uα relative to certain
simple roots α. For simplicity, we only list the simple roots α in the second column
of our table to indicate our choice for N, here we use the labelling of the Dynkin
diagram of G as in [1, Planches V—VIII].
For G2 the situation is different. Here it is true that for each parabolic P of G there
is a dense orbit on p(l)u for each l  0. For, it follows from work in [16] that, apart
from the Borel subgroup B, each P has a finite number of orbits already on pu, and so
on p
(l)
u for each l  0; in particular, there is always a dense orbit. Although B has an
infinite number of orbits on bu, cf. [7] or [14], there is of course a dense B-orbit on
bu thanks to Richardson’s Dense Orbit Theorem [17]. It can be checked directly that
B already has a finite number of orbits and thus a dense one on b(l)u for each l  1,
e.g., see [7, p. 31].
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